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ANISOTROPIC CONFORMAL INVARIANCE OF LIGHTLIKE
GEODESICS IN PSEUDO-FINSLER MANIFOLDS
MIGUEL ANGEL JAVALOYES AND BRUNO LEARTH SOARES
Abstract. In this paper, we prove that lightlike geodesics of a pseudo-Finsler
manifold and its focal points are preserved up to reparametrization by aniso-
tropic conformal changes, using the Chern connection and the anisotropic cal-
culus developed in [9, 10] and the fact that geodesics are critical points of the
energy functional and Jacobi fields, the kernel of its index form. This result
has applications to the study of Finsler spacetimes.
1. Introduction
Conformal Geometry has been studied in Riemannian Geometry from its very
beginning, since it is related with the angle-preserving maps and it has applications
in navigation chart making and many other things. In the Lorentzian context,
the relevance of conformal geometry increases as it preserves causality and it has
been extensively used in studying the boundary of a spacetime [4]. In the realm
of Finsler metrics, one can consider a much more general concept of conformal
geometry making the conformal factor dependent on the direction, namely, a func-
tion on the tangent bundle, which we call anisotropic conformal geometry. The
concept of anisotropic conformal geometry seems to be too general in the context
of Finsler Geometry, since every two Finsler metrics are anisotropically conformal.
But surprisingly, it gains relevance when one considers the more general class of
pseudo-Finsler metrics. It turns out that two pseudo-Finsler metrics are anisotropi-
cally conformally equivalent if and only if they have the same lightcone (see Def. 2.4
and Th. 2.5). The first natural question to study is whether it happens as in the
classical Lorentzian case, where lightlike pregeodesics are preserved by conformal
changes (see for example [15, Th. 2.36]). The answer is positive (Prop. 3.4), which
is proved by using that geodesics are critical points of the energy functional, and
computing the Euler-Lagrange equations corresponding to the first variation of the
energy of an anisotropic conformal pseudo-Finsler manifold (M,λL), in terms of
the Chern connection of the pseudo-Finsler manifold (M,L).
As a further result, in the last section, we also prove that P -focal points are
preserved with multiplicity by anisotropic conformal changes, Th. 3.8. This is
done using that P -Jacobi fields are the kernel of the second variation of the energy
functional and making all the computations with the Chern connection of (M,L).
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The essence of the proof lies in the result of Lemma 3.7, where we prove that given
a (P,Q)-Jacobi field J˜ of a geodesic γ˜ of (M,L) with P and Q submanifolds of
M orthogonal to γ˜ at its endpoints, one can construct a (P,Q)-Jacobi field of its
reparametrization γ as a geodesic of (M,λL) by reparametrizing J˜ and adding a
multiple of the velocity vector γ˙. With this procedure, we avoid at all moment to
work with the Chern connection of (M,λL). All the computations are made using
the Chern connection and the anisotropic calculus described in [9, 10], which makes
them more available to classical Riemannian Geometers.
One of the most fashionable applications of our results is the study of light rays
in Finsler spacetimes. Let us observe that there are some examples of Finsler space-
times with a 2-homogeneous Finsler metric which is not smooth on the lightcone
as for example Bogoslovsky spacetimes [3] (see also [5] and [2, §6.1.1]), Randers
spacetimes [18], Kostelecky models [13], or those given by bimetrics (see [16]). In
some cases, the lightcone is still a cone structure in the sense of [11] which ad-
mits a smooth Lorentz-Finsler metric. The results on this work claim that lightlike
geodesics are well-defined, namely, do not depend on the choice of Lorentz-Finsler
metric for the cone structure and they coincide with the cone geodesics of [11, §6].
But more importantly, the focal points, which are of great importance in General
Relativity (see for example the Finsler version of Penrose’s Singularity Theorem [1])
are also preserved. Moreover, there are some difficulties to obtain the Einstein’s
equations on the lightcone [6]. Our results show that lightlike geodesics and its
focalization can be controled by knowing only the boundary of timelike vectors.
The only thing that it is not possible to control is the parametrization of lightlike
geodesics, which is important for example in the Singularity Theorems.
2. Preliminaries on pseudo-Finsler metrics
Let M be an n-dimensional manifold and denote by pi : TM → M the natural
projection of the tangent bundle TM intoM . Let A ⊂ TM \0 be an open subset of
TM which is conic, that is, such that pi(A) =M and λv ∈ A, for every v ∈ A and
λ > 0. We say that a smooth function L : A → R is a (conic, two homogeneous)
pseudo-Finsler metric if
(i) L is positive-homogeneous of degree 2, that is, L(λv) = λ2L(v) for every v ∈ A
and λ > 0,
(ii) for every v ∈ A, the fundamental tensor gv of L at v defined by
gv(u,w) :=
1
2
∂2
∂t∂s
L(v + tu+ sw)|t=s=0,
for any u,w ∈ Tpi(v)M , is nondegenerate.
Clearly, the fundamental tensor is bilinear and symmetric. We will refer to the pair
(M,L), being M a manifold and L a pseudo-Finsler metric on M , as a pseudo-
Finsler manifold.
Basic properties of homogeneous functions imply the following.
Proposition 2.1. Given a pseudo-Finsler metric L and v ∈ A, the fundamental
tensor gv is positive homogeneous of degree 0, that is, gλv = gv for λ > 0. Moreover
gv(v, v) = L(v) and gv(v, w) =
1
2
∂
∂z
L (v + zw) |z=0 =
1
2dLv(w).
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2.1. Cartan tensor. In Finsler geometry, unlike the Riemannian setting, we need
to consider the third vertical derivatives of the metric in order to define a connection.
This information is contained in the Cartan tensor, which is defined as the trilinear
symmetric form
Cv(w1, w2, w3) =
1
4
∂3
∂s3∂s2∂s1
L
(
v +
3∑
i=1
siwi
)∣∣∣∣∣
s1=s2=s3=0
, (1)
for v ∈ A and w1, w2, w3 ∈ Tpi(v)M .
The following is another simple consequence of basic properties of homogeneous
functions:
Proposition 2.2. The Cartan tensor is homogeneous of degree −1, that is, Cλv =
1
λ
Cv for any v ∈ A and λ > 0. Moreover, Cv(v, w1, w2) = Cv(w1, v, w2) =
Cv(w1, w2, v) = 0 for every v ∈ A and w1, w2 ∈ Tpi(v)M .
2.2. Pseudo-Finsler metrics with the same lightlike cone. Let us show that
fixing the lightlike cone of a pseudo-Finsler metric is the same as fixing the ani-
sotropic conformal class. First, we will see some properties of the lightcone of a
pseudo-Finsler metric L : A→ R, defined as C = {v ∈ A : L(v) = 0}.
Lemma 2.3. A pseudo-Finsler metric L : A → R in a manifold M has 0 as a
regular value and the lightcone C of L (if not empty) is a smooth hypersurface of
TM , transversal to all the tangent spaces TpM , with p ∈M .
Proof. Observe that 0 is a regular value of L, because by Prop. 2.1, dvL(w) =
2gv(v, w), and since gv is nondegenerate, dvL cannot be identically zero (recall that
0 /∈ A), and then for a fixed v˜ ∈ A, there exists a vector w˜ such that gv˜(v˜, w˜) 6= 0.
Moreover, it follows from the implicit function theorem that L−1(0) = C (if not
empty) is a smooth hypersurface and that the vector w˜ is transversal to C at v˜.
Hence, C is transversal to every TpM , p ∈M . 
Definition 2.4. We will say that two pseudo-Finsler metrics defined in the same
open conic subset L1, L2 : A → R are anisotropically equivalent if there exists a
smooth function µ : A→ R without zeroes such that L2 = µL1.
Observe that if L1 and L2 do not vanish away from the zero section, then they are
always anisotropically equivalent, as it happens for example with classical Finsler
metrics. The interest of this concept comes into play when there is a non-empty
lightcone.
The next theorem is a generalization of [11, Th. 3.11], written in the context of
Lorentz-Finsler metrics, to pseudo-Finsler metrics of arbitrary index.
Theorem 2.5. Two pseudo-Finsler metrics L1, L2 : A → R are anisotropically
equivalent if and only if their lightcones coincide. Moreover, in such a case, the
factor of anisotropy µ = L2/L1 on A can be computed as
µ(v) =
g2v(v, w)
g1v(v, w)
, (2)
where g1 and g2 are the fundamental tensors of L1 and L2, respectively, and w is
any vector in Tpi(v)M such that g
1
v(v, w) 6= 0 (and, thus, g
2
v(v, w) 6= 0).
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Proof. Observe that if L1 and L2 are anisotropically equivalent, then it follows
straightforwardly that they have the same lightcone. For the converse, consider a
connected component A˜ of A \ {C ∪ 0}. Then L1 and L2 do not change sign in A˜.
Assume that both of them are positive on A˜ and apply [11, Lemma 3.10] taking into
account Lemma 2.3, to conclude that L2 = µL1, for a smooth µ > 0. If L1 or L2 are
negative on A˜, apply [11, Lemma 3.10] to L˜1 = −L1 and/or L˜2 = −L2. Observe
also that a pseudo-Finsler metric always changes the sign in the lightcone, since for
v ∈ C and w transversal to C in v, one has that d
dt
L(v+tw) = 2gv+tw(v+tw, w) 6= 0
in a neighborhood of t = 0. This implies that L1 and L2 have always either the
same sign or opposite sign in a connected component of A and then one can apply
[11, Lemma 3.10] to the whole connected component. The last part follows the
same lines as in the proof of [11, Th. 3.11]. 
2.3. Chern connection, covariant derivative and curvature tensor. Assume
that (M,L) is a pseudo-Finsler manifold with domain A ⊂ TM , and denote by
X(M) the module of smooth vector fields on M . Let us introduce the approach
to connections in Finsler Geometry collected in [9, 10]. An anisotropic (linear)
connection is a map
∇ : A× X(M)× X(M)→ TM, (v,X, Y ) 7→ ∇vXY := ∇(v,X, Y ) ∈ Tpi(v)M,
such that
(i) ∇vX(Y + Z) = ∇
v
XY +∇
v
XZ, for any X,Y, Z ∈ X(M),
(ii) ∇vX(fY ) = X(f)Ypi(v) + f(pi(v))∇
v
XY for any f ∈ F(M), X,Y ∈ X(M),
(iii) for any X,Y ∈ X(M), the map A ∋ v → ∇vXY is smooth,
(iv) ∇vfX+hY Z = f(pi(v))∇
v
XZ + h(pi(v))∇
v
Y Z, for any f, h ∈ F(M), X,Y, Z ∈
X(M).
Here, F(M) denotes the space of real smooth functions on M . We will say that
V ∈ X(Ω) is A-admissible if Vp ∈ A for every p ∈ Ω. From now on, given an
A-admissible vector field V in Ω, we will construct classical tensors gV and CV on
Ω using the fundamental and the Cartan tensors, namely, for every p ∈ M , these
tensors are given by gVp and CVp , respectively. In particular, gV is usually called
the osculating metric with respect to the vector field V . We will also define an
affine connection ∇V as (∇VXY )p := ∇
Vp
X Y , for every p ∈ Ω and any X,Y ∈ X(Ω).
Then, the Chern connection is the unique anisotropic connection ∇ such that for
everyA-admissible vector field V defined in Ω ⊂M , the associated affine connection
∇V satisfies the following two properties:
(i) ∇VXY −∇
V
YX = [X,Y ] for all X,Y ∈ X(Ω) (torsion freeness);
(ii) X(gV (Y, Z)) = gV (∇
V
XY, Z)+gV (Y,∇
V
XZ)+2CV (∇
V
XV, Y, Z) for allX,Y, Z ∈
X(Ω) (almost g-compatibility).
(see [14], [17, Eq. (7.20) and(7.21)] and [7]). It is easy to see that ∇ is positive
homogeneous of degree 0 at every v ∈ A, i.e., ∇v = ∇λv for all positive λ.
Given a smooth function f : A→ R and a vector field X ∈ X(M), there are two
possible derivatives, the so-called vertical derivative ∂νf(X), which is defined as
∂νfv(X) =
d
dt
∣∣∣∣
t=0
f(v + tXpi(v)),
and the derivative induced by the Chern connection∇, which gives a function ∇Xf .
To define this function at v ∈ A, one can use an A-admissible extension V of v in
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some open subset Ω, then
∇Xf(v) = Xpi(v)(f(V ))− ∂
νfv(∇
V
XV ). (3)
It is not difficult to see that it is well-defined as the result does not depend on the
extension V (see [9, Lemma.9]). Moreover, we can define two different gradients of
f as follows. The vertical gradient at v ∈ A, (∇νf)v, is determined by
∂νfv(X) = gv((∇
νf)v, X) (4)
for every X ∈ X(M). While the horizontal gradient at v ∈ A, (∇hf)v, is given by
∇Xf(v) = gv((∇
hf)v, X), (5)
for every X ∈ X(M). Both, ∇νf and ∇hf can be thought as anisotropic vector
fields (see [9] and [10]).
We can also define the curvature tensor associated with an anisotropic connec-
tion, which can be computed in v ∈ A with the help of an A-admissible extension
V of v in an open subset Ω ⊂M as
Rv(X,Y )Z = (R
V (X,Y )Z − PV (Y, Z,∇
V
XV ) + PV (X,Z,∇
V
Y V ))pi(v), (6)
where V,X, Y, Z ∈ X(Ω), RV is the curvature tensor of the affine connection ∇V
and
Pv(X,Y, Z) =
d
dt
(
∇
v+tZ(pi(v))
X Y
)∣∣∣
t=0
,
(see [10, Prop. 2.5]).
Now we suppose that Ω is a chart domain with coordinate system
x = (x1, . . . , xn) : Ω→ x(Ω) ⊂ Rn.
The Christoffel symbols of ∇ with respect to the chart (Ω, x) are the smooth func-
tions Γkij : TΩ ∩ A→ R such that
∇v∂
∂xi
(
∂
∂xj
)
= Γkij(v)
∂
∂xk
∣∣∣∣
pi(v)
; i, j ∈ {1, . . . , n},
using Einstein convention for summation.
2.4. Geodesics. Given a smooth curve γ : [a, b] → M , we denote by X(γ) the
C∞([a, b])-module of vector fields along γ. We say that U ∈ X(γ) is A-admissible
if U(t) ∈ A for all t ∈ [a, b]. In particular, we say that γ itself is A-admissible if
γ˙(t) ∈ A for every t ∈ [a, b]. For every A-admissible vector field U ∈ X(γ), the
Chern connection induces a covariant derivative DUγ : X(γ)→ X(γ) along γ, given
locally, when γ is contained in the chart domain Ω, by
DUγ X =
(
X˙k +X iγ˙j(Γkij ◦ U)
) ∂
∂xk
∣∣∣∣
γ
, (7)
where X = X i ∂
∂xi
∣∣
γ
, γ˙ = γ˙i ∂
∂xi
∣∣
γ
(see, again, [7, Prop. 2.6]). The induced
covariant derivative is also almost g-compatible.
Definition 2.6. A smooth A-admissible curve γ of a pseudo-Finsler manifold
(M,L) is called a geodesic if Dγ˙γ γ˙ = 0.
Remark 2.7. If γ : [a, b] → M is a geodesic of (M,L), then the function L ◦ γ˙ :
[a, b] → R is constant. Indeed, as we will see below in (11), if φ = L ◦ γ˙, then
φ˙ = 2gγ˙(D
γ˙
γ γ˙, γ˙) = 0.
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3. Variations of the energy of a conformal metric
In this section, we examine the effects of conformal transformations on lightlike
curves, that is, curves γ such that L ◦ γ˙ = 0. We prove that some key geometric
properties of these curves (such as being a geodesic, and having conjugate or focal
points) are preserved up to reparametrization by such transformations (see also
Remark 2.7).
3.1. First variation of the energy. Given a pseudo-Finsler manifold (M,L),
with L : A ⊂ TM \ 0 → R, we shall denote by CL(M, [a, b]) the space of A-
admissible smooth curves in M defined on the closed interval [a, b]. Let λ : A →
(0,+∞) be an arbitrary positive smooth function homogeneous of degree zero and
assume that λL : A → R is also a pseudo-Finsler metric (and therefore its fun-
damental tensor is non-degenerate). We want to consider variations of the energy
functional of λL. Given a smooth curve γ : [a, b]→M , let us denote
Eλ : γ ∈ CL(M, [a, b]) 7→ Eλ(γ) =
1
2
∫ b
a
λ(γ˙(t))L(γ˙(t))dt,
(from now on, we will omit to write the integration parameter).
Throughout this section we will always use the Chern covariant derivative Dγ
along a smooth curve γ associated with L. Indeed, in the following we will try
to express the first and second variations of the energy Eλ in terms of Dγ rather
than using the covariant derivative associated with λL. Moreover, LL denotes the
Legendre transform of L, namely, the map LL : A→ TM
∗, where LL(v) is defined
as the one-form given by LL(v)(w) = gv(v, w) for every w ∈ Tpi(v)M .
Let γ ∈ CL(M, [a, b]), and consider a smooth variation Λ : [a, b] × (−ε, ε) →
M, (t, s) 7→ Λ(t, s) of γ. Given so ∈ (−ε, ε) and to ∈ [a, b], we will denote by
γso : [a, b] → M the curve defined as γso(t) = Λ(t, so) for every t ∈ [a, b] and by
βto : (−ε, ε) → M the curve defined as βto(s) = Λ(to, s) for every s ∈ (−ε, ε),
which are the longitudinal and the transversal curves of the variation, respectively.
Moreover, we will use the notation ∂Λ
∂t
(t, s) = γ˙s(t) and
∂Λ
∂s
(t, s) = β˙t(s), and we will
denote by W the variational vector field of Λ along γ, namely, W (t) = ∂Λ
∂s
(t, 0) for
every t ∈ [a, b]. We will say that the variation is A-admissible if γs ∈ CL(M, [a, b])
for all s ∈ (−ε, ε).
Notice that when we have a variation of curves (or more generally a two param-
eters map), the fact that the Chern connection is torsionfree implies the following
property:
DVγs β˙t = D
V
βt
γ˙s, (8)
(see [7, Prop. 3.2]).
Proposition 3.1. Assume that γ : [a, b]→ M is an A-admissible smooth lightlike
curve having an A-admissible piecewise smooth variation Λ : [a, b]× (−ε, ε)→ M .
Then
E′λ(0) =
d
ds
Eλ(γs) |s=0 =
∫ b
a
gγ˙
(
W,−Dγ˙γ
(
λ(γ˙)γ˙
))
dt + [λ(γ˙)LL(γ˙)(W )]
b
a . (9)
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Proof. Observe that for any s ∈ (−ε, ε), we have
d
ds
Eλ(γ˙s) =
1
2
∫ b
a
d
ds
(λ(γ˙s)gγ˙s (γ˙s, γ˙s)) dt
=
1
2
∫ b
a
(
d
ds
λ(γ˙s)
)
gγ˙s (γ˙s, γ˙s) dt+
1
2
∫ b
a
λ(γ˙s)
d
ds
gγ˙s (γ˙s, γ˙s) dt. (10)
Furthermore, almost g-compatibility of the Chern connection, Prop. 2.2 and the
identity (8) imply
1
2
d
ds
gγ˙s(γ˙s, γ˙s) =gγ˙s(D
γ˙s
βt
γ˙s, γ˙s) + Cγ˙s(D
γ˙s
βt
γ˙s, γ˙s, γ˙s)
=gγ˙s(D
γ˙s
γs
β˙t, γ˙s). (11)
So, the second term on the right-hand side of (10) equals∫ b
a
gγ˙s(D
γ˙s
γs
β˙t, λ(γ˙s)γ˙s)dt
=
∫ b
a
d
dt
gγ˙s(β˙t, λ(γ˙s)γ˙s)dt−
∫ b
a
gγ˙s
(
β˙t, D
γ˙s
γs
(λ(γ˙s)γ˙s)
)
dt, (12)
where we have used again almost g-compatibility of the Chern connection and the
fact that Cγ˙s(D
γ˙s
γs
γ˙s, β˙t, λ(γ˙s)γ˙s) = 0 by Prop. 2.2. Computing the last terms
of (12) in s = 0, substituting in (10), and taking into account that gγ˙s(γ˙s, γ˙s) =
L(γ˙s) = 0 when s = 0, we get (9). 
Now observe that given an A-admissible curve γ : [a, b] → M , and an arbitrary
smooth vector field W along γ, there always exists a (non-unique) A-admissible
variation Λ of γ with W as variational vector field. In fact, it is well-known that
we can choose a variation Λ : [a, b] × (−ε, ε) → M of γ having W as a variation
vector field. As Λ is at least C1, being A an open subset and [a, b] compact, we can
choose a smaller ε if necessary in such a way that Λ is A-admissible. Taking into
account this fact, the last proposition allows us to obtain the geodesic equation for
λL.
Proposition 3.2. The lightlike geodesics of the pseudo-Finsler manifold (M,λL)
are the smooth lightlike curves which satisfy
Dγ˙γ (λ(γ˙)γ˙) = 0. (13)
Proof. Along the proof, we consider curves with fixed endpoints and smooth A-
admissible variations. It is well-known that geodesics are critical points of the
energy functional (see for example [12, Cor. 3.7]). Observe that, since we consider
smooth variations, we do not need the injectivity of Legendre transform. From
Prop. 3.1, we can prove that the critical points of Eλ are given by (13) analogously
to the proof of [12, Cor. 3.7]. 
Remark 3.3. Let us observe first that given a curve γ : [a, b] → M and a
reparametrization γ˜ = γ ◦ ϕ with ϕ : [a˜, b˜] → [a, b] and ϕ˙ > 0 on [a˜, b˜], if V
and W are vector fields along γ and V˜ and W˜ are the vector fields along γ˜ defined
as V˜ (µ) = V (ϕ(µ)) and W˜ (µ) =W (ϕ(µ)) for any µ ∈ [a˜, b˜], then
DV˜γ˜ W˜ (µ) = ϕ˙(µ)D
V
γ W (ϕ(µ))
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for any µ ∈ [a˜, b˜], and DVγ W = D
φV
γ W for any function φ : [a, b]→ (0,+∞) (recall
§2.3).
Proposition 3.4. If the curve γ : [a, b] → M is a lightlike geodesic of (M,λL),
then γ˜ = γ ◦ϕ is a lightlike geodesic of (M,L), where ϕ : [a˜, b˜]→ [a, b] is a solution
of the differential equation
ϕ˙(µ) = λ(γ˙(ϕ(µ))). (14)
Proof. Observe that as ˙˜γ(µ) = ϕ˙(µ)γ˙(ϕ(µ)), by applying Remark 3.3, one gets
D
˙˜γ
γ˜
˙˜γ (µ) = D
ϕ˙(γ˙◦ϕ)
γ˜ (ϕ˙(γ˙ ◦ ϕ)) (µ)
= Dγ˙◦ϕγ˜ (ϕ˙(γ˙ ◦ ϕ)) (µ) = ϕ˙(µ)D
γ˙
γ
(
(ϕ˙ ◦ ϕ−1)γ˙
)
(ϕ (µ)) ,
so the conclusion follows from (13). 
3.2. Second variation of the energy. Our next goal is to study the behavior of
conjugate and focal points of lightlike geodesics under conformal transformations.
We start by computing the second variation of the energy functional Eλ.
Proposition 3.5. Let γ : [a, b]→M be a lightlike geodesic of (M,λL) and consider
an A-admissible smooth variation Λ. Then, with the above notation,
E′′λ(0) =
d2
ds2
Eλ(γs) |s=0
=
∫ b
a
λ(γ˙)
(
− gγ˙ (Rγ˙ (γ˙,W )W, γ˙) + gγ˙ (W
′,W ′)
)
dt
+ 2
∫ b
a
gγ˙ (W
′, γ˙) (gγ˙
(
W, (∇hλ)γ˙
)
+ gγ˙ (W
′, (∇νλ)γ˙))dt
+
[
λ(γ˙)gγ˙(D
γ˙s
βt
β˙t|s=0, γ˙)
]b
a
, (15)
where Dγ˙βt β˙t|s=0 is the transverse acceleration vector field of the variation, R is the
Chern curvature of L defined in (6) and ′ denotes the covariant derivative, namely,
W ′ = Dγ˙γW .
Proof. Using (10) and taking into account that γs is lightlike for s = 0, we get
d2
ds2
Eλ(γs)|s=0 =
∫ b
a
d
ds
∣∣∣∣
s=0
λ(γ˙s)
d
ds
∣∣∣∣
s=0
gγ˙s (γ˙s, γ˙s) dt
+
1
2
∫ b
a
λ(γ˙)
d2
ds2
∣∣∣∣
s=0
gγ˙s (γ˙s, γ˙s) dt.
Moreover, using (11) and (12), the above expression becomes
d2
ds2
Eλ(γs)|s=0 =
∫ b
a
d
ds
∣∣∣∣
s=0
λ(γ˙s)
d
ds
∣∣∣∣
s=0
gγ˙s (γ˙s, γ˙s) dt
+
∫ b
a
λ (γ˙)
d
ds
∣∣∣∣
s=0
(
gγ˙s
(
Dγ˙sγs β˙t, γ˙s
))
dt (16)
and using the same arguments as in the proof of [12, Prop. 3.2], and taking into
account the observations in the proof of [10, Prop. 3.7], we get that the last term
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above equals∫ b
a
λ(γ˙)
(
gγ˙s
(
Dγ˙sγsD
γ˙s
βt
β˙t −Rγ˙(γ˙s, β˙t)β˙t, γ˙s
)∣∣∣
s=0
+ gγ˙s
(
Dγ˙sγs β˙t, D
γ˙s
γs
β˙t
)∣∣∣
s=0
)
dt.
(17)
Observe that, as γ is not a geodesic of (M,L), but a pregeodesic satisfying (13), in
order to get
gγ˙(Rγ˙(γ˙,W )W, γ˙) = gγ˙(R
γ(γ˙,W )W, γ˙),
as in the proof of [10, Prop. 3.8], one must use that, by (13), Dγ˙γ γ˙ = −
d
dt
(λ(γ˙))γ˙,
and for any v ∈ A and u,w ∈ Tpi(v)M , Pv(u,w, v) = 0 by homogeneity (see [8, Eq.
(1)]). Finally, to compute the first term in (16), we use (3) to obtain
d
ds
(λ(γ˙s)) = ∇β˙tλ(γ˙s)+(∂
νλ)γ˙s(D
γ˙s
βt
γ˙s) = gγ˙s((∇
hλ)γ˙s , β˙t)+gγ˙s((∇
νλ)γ˙s , D
γ˙s
γs
β˙t),
(18)
where we have used the definition of the vertical and horizontal gradients in (4)
and (5) and then (8).
Substituting (11), (17) and (18) in (16), putting s = 0, and using that
λ(γ˙)gγ˙(D
γ˙s
γs
Dγ˙sβt β˙t
∣∣∣
s=0
, γ˙) =
d
dt
(gγ˙(D
γ˙s
βt
β˙t
∣∣∣
s=0
, λ(γ˙)γ˙))
for s = 0 (observe that γ0 = γ satisfies (13)), we get (15). 
3.3. (P,Q)-Jacobi fields and P -focal points. Recalling now the notation of [12,
§3.2], consider the space of curves
CL(P,Q) ⊂ CL(M, [a, b])
joining two submanifolds P and Q of M , namely,
CL(P,Q) := {γ ∈ CL(M, [a, b]) : γ(a) ∈ P, γ(b) ∈ Q}.
When we consider a smooth (P,Q)-variation of γ ∈ CL(P,Q) by curves in CL(P,Q),
the variational vector field is tangent to P and Q at the endpoints. Indeed, we define
TγCL(P,Q) = {W ∈ TγCL(M, [a, b]) :W (a) ∈ Tγ(a)P,W (b) ∈ Tγ(b)Q}.
We denote the tangent bundle of P as TP and define the normal bundle TP⊥
of P as the set of vectors v ∈ A such that pi(v) ∈ P and gv(v, w) = 0 for every
w ∈ Tpi(v)P . We denote by F(P ) the space of smooth real functions on P , by
X(P ) the F(P )-module space of smooth sections of the fiber bundle TP over P
and by X(P )⊥ the space of smooth sections of pi : TP⊥ → P0, where P0 = pi(TP
⊥)
(observe that as L is defined in a conic open subset, the intersection TpP ∩ TP
⊥
can be empty for some p ∈ P ). Given N ∈ X(P )⊥, we denote by X(P )⊥N the subset
of smooth sections W of pi : i∗(TM) → P (where i∗(TM) is the pull-back of TM
along the inclusion i : P → M) such that, for every p ∈ P , Wp is gNp-orthogonal
to TpP .
Definition 3.6. Fix N ∈ X(P )⊥ and suppose that gNp |TpP×TpP is nondegenerate
for every p ∈ P . Then the second fundamental form of P in the direction of N is
the map SPN : X(P )×X(P )→ X(P )
⊥
N given by S
P
N (U,W ) = norN∇
N
UW . Moreover,
we define the normal second fundamental form SPN : X(P ) × X(P ) → X(P ) as
SPN (U) = tanN∇
V
UN . Here, tanN and norN compute the tangent and the normal
part to P , respectively, using gN .
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Observe that the notation for the normal second fundamental form is different
from [12]. When γ ∈ CL(P,Q) = CλL(P,Q) is a geodesic of (M,λL) which is
gγ˙-orthogonal to P and Q at the endpoints and such that gγ˙(a)|P×P and gγ˙(b)|Q×Q
are nondegenerate, Prop. 3.5 allows us to compute the index form of γ as
Iγ,λP,Q(V,W ) =
∫ b
a
λ(γ˙) (−gγ˙(Rγ˙(γ˙, V )W, γ˙) + gγ˙(V
′,W ′)) dt
+
∫ b
a
(
gγ˙(V
′, γ˙)gγ˙(W, (∇
hλ)γ˙) + gγ˙(W
′, γ˙)gγ˙(V, (∇
hλ)γ˙)
)
dt
+
∫ b
a
(gγ˙(V
′, γ˙)gγ˙(W
′, (∇νλ)γ˙) + gγ˙(W
′, γ˙)gγ˙(V
′, (∇νλ)γ˙)) dt
+ λ(γ˙(b))gγ˙(b)(S
Q
γ˙(b)(V,W ), γ˙(b))− λ(γ˙(a))gγ˙(a)(S
P
γ˙(a)(V,W ), γ˙(a)), (19)
where V,W ∈ TγCL(P,Q), and S
P and SQ are the fundamental forms of P and
Q computed with L. This comes easily from Prop. 3.5, the equality E′′λ(0) =
Iγ,λP,Q(W,W ) and the definition of second fundamental form, taking into account
that gγ˙(Rγ˙(γ˙, V )W, γ˙) is symmetric in V and W , which follows from [10, Prop.
3.1].
Recall that given a geodesic γ˜ : [a˜, b˜]→M of a pseudo-Finsler manifold (M,L),
we say that a vector field J˜ along γ˜ is a Jacobi field if
D
˙˜γ
γ˜D
˙˜γ
γ˜ J˜ = R ˙˜γ(
˙˜γ, J˜) ˙˜γ, (20)
where Dγ˜ is the covariant derivative associated with the Chern connection and R
its curvature tensor (see [10, Prop. 2.11 and Lemma 3.5]), and we say that it is a
(P,Q)-Jacobi field if J˜(a˜) and J˜(b˜) are tangent to P and Q, respectively, and
tan ˙˜γ(a)(D
˙˜γ(a)
γ˜ J˜(a˜)) = S
P
˙˜γ(a)
(J˜(a˜)), tan ˙˜γ(b)(D
˙˜γ
γ˜ J˜(b˜)) = S
Q
˙˜γ(b)
(J˜(b˜)), (21)
where SP , SQ are the normal second fundamental forms of P , Q, respectively.
Moreover, we say that J˜ is a P -Jacobi field if it only satisfies the first identity of
(21). Finally, we say that t0 ∈ (a˜, b˜] is a P -focal point of γ˜ if there exists a P -Jacobi
field J˜ along γ˜ such that J˜(t0) = 0. The existence of a P -focal point t0 ∈ (a˜, b˜] is
equivalent to the existence of a (P, γ˜(t0))-Jacobi field.
Our next goal is to show that the P -focal points of γ are preserved with multi-
plicity in the curve γ˜ = γ ◦ ϕ obtained in Prop. 3.4 (recall the notation of Remark
3.3).
Lemma 3.7. Let γ : [a, b]→M be a lightlike geodesic of (M,λL) and P and Q two
submanifolds which are orthogonal to γ and non-degenerate at γ(a) and γ(b) with
respect to the metrics gγ˙(a) and gγ˙(b), respectively. Let γ˜ be the reparametrization
of γ given in Prop. 3.4 and assume that J˜ is a (P,Q)-Jacobi field of γ˜ with the
metric L and J satisfies that J(ϕ(µ)) = J˜(µ) for every µ ∈ [a˜, b˜]. Then there exists
a function h : [a, b] → R with h(a) = h(b) = 0 such that Jˆ(t) = J(t) + h(t)γ˙(t),
t ∈ [a, b] is a (P,Q)-Jacobi field of γ with respect to the metric λL.
Proof. Since J˜ is a Jacobi field of γ˜, it holds (20). Now observe that D
˙˜γ
γ˜ J˜(µ) =
λ(γ˙)Dγ˙γJ(ϕ(µ)), where λ(γ˙) = ϕ˙ (recall Rem. 3.3 and Prop. 3.4),
(R ˙˜γ(
˙˜γ, J˜) ˙˜γ)(µ) = λ(γ˙)2(Rγ˙(γ˙, J)γ˙)(ϕ(µ))
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and recall (14), therefore, using Rem. 3.3 again, (20) can be rewritten as
(λ(γ˙)J ′)′ = λ(γ˙)Rγ˙(γ˙, J)γ˙, (22)
and recalling [12, Rem. 3.6], (21) becomes
tanγ˙(a)J
′(a) = SPγ˙(a)(J(a)), tanγ˙(b)J
′(b) = SQ
γ˙(b)(J(b)) (23)
(recall that ′ means to apply Dγ˙γ). By [12, Prop. 3.11], we know that (P,Q)-Jacobi
fields are the vector fields in the kernel of the index form. Reasoning as in [12,
Prop. 3.11] with the expression (19), we get that V ∈ CL(P,Q) is a (P,Q)-Jacobi
field along γ if and only if
λ(γ˙)Rγ˙(γ˙, V )γ˙ − (λ(γ˙)V
′)′ + gγ˙(V
′, γ˙)(∇hλ)γ˙ − (gγ˙(V, (∇
hλ)γ˙)γ˙)
′
− (gγ˙(V
′, γ˙)(∇νλ)γ˙)
′
− (gγ˙(V
′, (∇νλ)γ˙)γ˙)
′ = 0 (24)
and [
λ(γ˙)gγ˙(−S
Q
γ˙ (V ) + V
′,W ) + gγ˙(gγ˙(V
′, γ˙)(∇νλ)γ˙ ,W )
]b
a
= 0, (25)
Though γ is not a geodesic with respect to L, we can get the above equations in a
similar way to the computations of [12, Prop. 3.11] using that γ is a pregeodesic,
namely, Dγ˙γ γ˙ = θγ˙ for some function θ : [a, b]→ R, since in this case, the involved
Cartan tensor terms are also zero. Now observe that as J˜ is a (P,Q)-Jacobi field
for γ˜, we have that g ˙˜γ(D
˙˜γ
γ˜ J˜ ,
˙˜γ) = 0 (this follows easily from [12, Lemma 3.17]) and
then
gγ˙(ϕ(µ))(J
′(ϕ(µ)), γ˙(ϕ(µ))) =
1
λ( ˙˜γ(µ))2
g ˙˜γ(µ)(D
˙˜γ
γ˜ J˜(µ),
˙˜γ(µ)) = 0.
Using the last equation, (13), (22), (23) and gγ˙(γ˙, γ˙) = 0, we deduce that if V (t) =
J(t) + h(t)γ˙(t) and h(a) = h(b) = 0, then V satisfies (24) and (25) if and only if
−(λ(γ˙)(hγ˙)′)′ − (hλ˙γ˙)′ = (J(λ)(γ)γ˙)′,
where λ˙(t) = d
dt
λ(γ˙(t)) and J(λ)(γ) := gγ˙(J, (∇
hλ)γ˙) + gγ˙(J
′, (∇νλ)γ˙). Here,
we have also used that gγ˙(γ˙, (∇
νλ)γ˙) = 0 because the 0-homogeneity of λ. This
equation is equivalent to
d2
dt2
h = −
1
λ(γ)
d
dt
(J(λ)(γ))γ˙ +
λ˙
λ(γ)2
J(λ)(γ)γ˙.
It is easy to prove that there exists a unique solution h : [a, b] → R of the above
differential equation such that h(a) = h(b) = 0. Then the vector field Jˆ = J + hγ˙
is a (P,Q)-Jacobi field along γ. 
Theorem 3.8. Assume that γ : [a, b] → M is a lightlike geodesic of (M,λL),
γ˜ = γ ◦ϕ is the reparametrization as a lightlike geodesic of (M,L) obtained in Prop.
3.4 and P , an orthogonal submanifold passing through γ(a) and non-degenerate in
that point with the metric gγ˙(a). Then µ0 ∈ (a˜, b˜] is a P -focal point of γ˜ if and only
if ϕ(µ0) is a P -focal point of γ with the same multiplicity.
Proof. It is a consequence of Lemma 3.7. Observe that if we choose Q = γ˜(µ0),
the above lemma gives a map between P -Jacobi fields of γ˜ such that J˜(µ0) = 0
and P -Jacobi fields Jˆ of γ such that Jˆ(ϕ(µ0)) = 0. Moreover, this map is injective,
because if Jˆ = 0, then J˜(µ) = φ(µ) ˙˜γ(µ) for some smooth function φ : [a˜, b˜] → R,
but from [12, part (i) of Lemma 3.17], it follows that J˜ = 0. The injectivity of
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the map implies that mulγ˜(µ0) ≤ mulγ(ϕ(µ0)), namely, the multiplicity of µ0 as a
P -focal point of γ˜ is less or equal to the multiplicity of ϕ(µ0) as a P -focal point of
γ. Using Lemma 3.7 with the conformal change 1/λ and the metric λL we get the
other inequality concluding that mulγ˜(µ0) = mulγ(ϕ(µ0)) as required. 
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